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Abstract 

We study the asymptotic behavior of solutions of Frobenius equations defined over the ring of 
overconvergent series. As an application, we prove Chiarellotto-Tsuzuki’s conjecture on the rationality 
and right continuity of Dwork’s logarithmic growth filtrations associated to ordinary linear p-adic 
differential equations with Frobenius structures. 
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1 Introduction 


We consider an ordinary linear p-adic differential equation 

^ d n y d n ~ 1 y 

D “ = 5F + a “- 1 5^ + '-- + OM ' = 0 ’ 

whose coefficients are bounded on the p-adic open unit disc |rc| < 1. We define its solution space by 

Sol(D) := {y € Q P [xj; Dy = 0}. 

In her study of p-adic elliptic functions, Lutz proves that any solution y of Dy = 0 has a non-zero radius 
of convergence r ([Lut37, Theoreme IV]). In the paper [Dwo73a], Dwork studies the asymptotic behavior 
of y near the boundary |x| = r assuming that any solution of Dy = 0 converges in a common open disc 
|x| < r. For simplicity, we assume r = 1. The most general result in this viewpoint is that y has a 
logarithmic growth (log-growth) n — 1, that is, 

sup \y(x)\ =0((log(l/p)) 1 -") as p f I- 

\x\=p 

Dwork also defines the so-called special log-growth filtration of Sol(D) by 

Sol A (D) := {y G Sol(D); sup |p(x)| = 0((log (l/p)) _A ) as p t 1}. 

M=p 

We assume that the a,’s are rational functions over Q p . Over the p-adic field, a naive analogue 
of analytic continuation fails. In particular, the existence of local solutions of Dy = 0 at the disc 
|x — o| < 1 for any a does not imply the existence of global solutions. Even the p-adic exponential series 
e x = l + x + 2~ 1 x 2 + ..., which is a solution of dy/dx = y, has a radius of convergence p -1 /0 -1 ). Hence, 
it is natural to ask how the special log-growth filtration varies from disc to disc. Assume p / 2. In 
[Dwo82], Dwork provides an answer to this question for the hypergeometric differential equation 

Dy = x(l - x)^-§ + (1 - 2x)^ ~\y = 0, 
which arises from the Legendre family of elliptic curves over F p 

E x : z 2 = w(w — l)(ru — x), i / 0,1. 

Owing to its geometric origin, the hypergeometric differential equation admits a Frobenius structure: let 
a G F p \ (0,1}, and let a G Z p be a lift of a. The Frobenius slopes of the solution space of Dy = 0 at 
the disc |x — a| < 1 are 0,1 if Eg, is ordinary, and 1/2,1/2 if Eg is supersingular. Dwork proves that the 
special log-growth filtration at the disc |x — a| < 1 coincides with the Frobenius slope filtration at the 
disc |x — a| < 1. 

In the last few decades, p-adic differential equations have been extensively studied from many per¬ 
spectives. As for the existence of solutions, Andre, Kedlaya, and Mebkhout ([And02],[Ked04],[Meb02]) 
independently prove the p-adic local monodromy theorem, which asserts the quasi-unipotence of p-adic 
differential equations defined over the Robba ring with Frobenius structures. Additionally, several striking 
applications of p-adic differential equations emerge: for example, Berger relates a certain p-adic represen¬ 
tation of the absolute Galois group of Q p to a p-adic differential equation over the Robba ring; then, he 
proves Fontaine’s p-adic monodromy conjecture by using the p-adic local monodromy theorem ([Ber02]). 

However, Dwork’s works on the log-growth of solutions of p-adic differential equations have been 
neglected for a long period until Chiarellotto and Tsuzuki drew attention to it in [CT09]. We briefly 
summarize some recent developments on this subject. 

• In [CT09], Chiarellotto and Tsuzuki formulate a fundamental conjecture on the log-growth ni¬ 
trations for p-adic differential equations with Frobenius structures (see Conjecture 3.3). Their 
conjecture is two-fold. The first part can be stated as follows: 

Conjecture A (Conjecture 3.3 (i)). Let Dy = 0 be a p-adic differential equation with a Frobenius 
structure. Then, the breaks of the filtration Sol.(D) are rational and So\\(D) = fl p >ASol P {D) for 
all AgK. 
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The second part is about a comparison of the log-growth filtration and the Frobenius slope filtration 
under a certain technical assumption, which is based on Dwork’s work on the hypergeometric 
differential equation. They prove the conjecture in the rank 2 case in [CT09]. They also provide a 
complete answer to a generic version of their conjecture in [CT11]. 

• In [And08], Andre proves Dwork’s conjecture on a specialization property for the log-growth filtra¬ 
tion, which is an analogue of Grothendieck-Katz specialization theorem on Frobenius structure. 

• In [KedlO], Kedlaya studies effective convergence bounds on the solutions of p-adic differential 
equations with nilpotent singularities, which allows the a/s to have a pole at x = 0. Then, he proves 
a partial generalization of Chiarellotto-Tsuzuki’s earlier works to p-adic differential equations with 
nilpotent singularities. 

Our main result in this paper is 
Main Theorem (Theorem 3.7 (i)). Conjecture A is true. 

Under a certain technical assumption, we also prove the second part of Chiarellotto-Tsuzuki’s conjec¬ 
ture (Theorem 3.7 (ii)). 

Strategy of proof 

We present the proof of the rationality of breaks of the filtration Sol.(D). Let Q p [x]o := Z p [a;][p _1 ] 
be the ring of bounded functions on the open unit disc, and a a Q p -algebra endomorphism of Q p [a;]o 
such that cr(x) = x p . Instead of a naive p-adic differential equation Dy = 0, we consider a finite free 
QpMo-module M of rank n endowed with an action of d/dx. The existence of a Frobenius structure of 
Dy = 0 is equivalent to the existence of a cr-semi-linear structure <p on M compatible with V. In [CT09], 
Chiarellotto and Tsuzuki establish a standard method for studying the log-growth filtration associated 
to M as follows. We fix a cyclic vector e of M as a cr-module over the fraction field of Q p [x]o- Let V(M) 
be the set of horizontal sections of M after tensoring with the ring of analytic functions over the open 
unit disc. Let v £ V(M) be a Frobenius eigenvector, i.e., tp(v) = Xv for some A € Q p . If we write v as a 
linear combination of e, p(e),..., <p n_1 (e), then the coefficient / of <p" _1 (e) satisfies a certain Frobenius 
equation 

b n f a + 6„_i/ cr + • • • + bof = 0, bi £ Q p [a;]o- 

Then, the rationality of breaks of Sol.(D) is reduced to the rationality of the log-growth of /, i.e., the 
existence of A £ Q such that 


sup \f(x)\ = 0((log (1/p)) A ) as p 11 
\ x \—p 


and 

sup |/0r)|^O((log(l/p))^) as p f 1 

|x|=p 

for any p < A. The rationality of the log-growth of / is proved by Chiarellotto and Tsuzuki in [CT09] 
when n = 2, then by Nakagawa in [Nakl3] when n is arbitrary under the assumption that the number 
of breaks of the Newton polygon of b n X n + b n -iX n ~ 1 + • • • + 6 q as a polynomial over the Amice ring £ 
is equal to n. Nakagawa’s assumption is too strong since it is equivalent to assuming that the number of 
breaks of the Frobenius filtration of M tensored with £ is equal to n. Unfortunately, a naive attempt to 
generalize Nakagawa’s result without the assumption on the Newton polygon seems to fail. 

To overcome this difficulty, we carefully choose a cyclic vector e in § 5: by definition, the Newton 
polygon of b n X n + b n -\X n ~ x + ■ ■ ■ + b 0 is the boundary of the lower convex hull of some set of points 
associated to the 6/s. Our requirement for e is that each plotted point belongs to the Newton polygon. 
The construction of e is performed after a certain base change which is described in Kedlaya’s framework 
of analytic rings. By using our cyclic vector e, the corresponding Frobenius equation is defined over 
Kedlaya’s ring. Hence, we need to introduce a notion of log-growth on Kedlaya’s ring (§ 4). Then, we 
generalize Nakagawa’s calculation in § 6. Finally, we obtain the rationality of the log-growth filtration of 
V(M) in § 7. 
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2 Summary of notation 

We summarize our notation in this paper. Basically, we adopt the notation in [CT11], In the appendix, 
we have a diagram describing relations between various rings defined in the following. 

2.1 Coefficient rings 

p : a prime number. 

K : a complete discrete valuation field of characteristic (0,p). 

Ok ■ the integer ring of K. 
kx ■ the residue field of K. 

7 tk ■ a uniformizer of Ok- 

| • | : the p-adic absolute value on A" alg associated to a valuation of A', normalized by \p\ = p~ l . 
q : a positive power of p. 

q s £ Q : Let s be a rational number and write s = a/b with relatively prime a,b £ Z. The notation 
lL q s £ Q” means that b divides log g, and we put q s := p alog *> q ! b . 

<j : a g-Frobenius on Ok, he., a local ring endomorphism of Ok such that a (a) = a g mod ttkOk- 

K a : the inductive limit of K 

K K .... 

We regard K a as an extension of K. Then, K a is a Henselian discrete valuation field, whose value 
group coincides with the value group of K, with residue field k p K 

K a ' m : the completion of the maximal unramified extension of K a . Then, A'°' ,ur is a complete discrete 
valuation field, whose value group coincides with the value group of AT, with the residue field k & h I s . 
Moreover, a induces a q-Frobenius on A' <T,ur . 


2.2 Various rings of functions 

In the appendix, we have a diagram of the rings mentioned in this paper including the following rings of 
functions. 


x : an indeterminate. 

|g alve (p) : the multiplicative map 

K{xJ R> 0 U {oo}; Y] a n x n sup |a„|p n 

n€ N neN 

defined for p £ [0,1]. 

K{x} : the Af-algebra of analytic functions on the open unit disc |x| < 1, i.e., 

A'{x} := | y" a n x n £ AT[x]; |a n |p n ->0(n^ oo )Vp £ [0,1) 1 . 

IraSN J 

Note that | • lo alve (p) defines a multiplicative non-archimedean norm on K{x} if p ^ 0. 

AT[x]a : the Banach AT-subspace of power series of logarithmic growth (log-growth) A in K{x} for A £ R>o, 
i.e., 

K[x] x : = < Y] a n x n £ K{x\; sup |o n |/(n + 1) A < oo l 

S J 

= {/ e K{x}\ |/ir ve (p) = 0((log (l/p))- A ) as p 11} , 
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where the last equality follows from [And08, Lemma 2.2.1 (iv)]. Note that A[x]o coincides with 
the ring of bounded functions on the open unit disc |x| < 1, i.e., 


A[x] 0 = OjfHlTTjc 1 ] = < V' a n x n € A" [a;]; sup \a n \ < oo > . 

J 

We define A[x]a := 0 for A G K<o- Note that A [a:] a is stable under the derivation d/dx. 
£ : the fraction field of the p-adic completion of OA'[rJ[a: _1 ], i.e., 


£ := < a n x n G A[x, x 1 ];sup|a„| < oo 
Inez n€Z 


i |«n| —> 0 as n —> —oo > . 


Note that £ is canonically endowed with a norm which is an extension of | • | q aive (1). Then, 
(£, | • |q aive (1)) is a complete discrete valuation field of mixed characteristic (0,p) with uniformizer 
7Tff and residue field kx{{x )). 

£' : the ring of overconvergent power series in £, i.e., 

£* := < ^ a n x n G £; \a n \p n —> 0 (n — oo) for some p G (0,1) > . 

ln£Z J 

Note that (£t, | • |g alve (l)) is a Henselian discrete valuation field whose completion is £. 

1Z : the Robba ring with variable x and coefficient K , i.e., 

1Z := < ^ a n x n € K\x,x~ x \] |a„|p" —> 0 (n —> ±oo) Vp G (po , 1) for some po € (0, 1) > . 

InGZ J 


a : a g-Frobenius on O/fJx], which is an extension of a, defined by fixing er(x) = x q mod vc\kOk\x\- 
Note that a induces ring endomorphisms on A[x], A{x}, £\ £, and TZ, and A[x]a is stable under 
cr ([Chr83, 4.6.4]). 

£t : a copy of £ in which x is replaced by another indeterminate t. As above, we regard £t as a 
complete discrete valuation field where t is a p-adic unit. In the literature, t is called Dwork’s 
generic point ([KedlO, Definition 9.7.1]). 

£t\X — i]„ : the ring of bounded functions on \X — t\ < 1 with variable X — t and coefficient £ t . We endow 
£t\X — t] 0 with £-algebra structure by the A-algebra homomorphism 

nGN x 7 x1 

Since t(A) C £t and r(x) = X, r is equivariant under the derivations d/dx and d/dX. We define 
a g-Frobenius on £t\X — f]o by a\g t = a (by identifying t as x) and a(X — t)= r(cr(x)) — cr(x)\ x -t.. 
Then, r is also cr-equivariant. 

£t\X — t] a : the Banach £ t -subspace of power series of log-growth A in £t\X — t}. 

Let R be either A[x]o, A{x}, £\ £, or TZ. We define := Rdx with a A'-linear derivation d : R —>• 
i->- (df/dx)dx. We also endow with a senri-linear u-action defined by a(dx) := da(x). For 
£t\X — tj o and £t{X — t}, we also define a corresponding f 'll by replacing A and x by £ t and X — t, 
respectively. 
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2.3 Filtration and Newton polygon 

Let V be a finite dimensional vector space over a field F. Let V* = {K A }AeR be a decreasing filtration 
by subspaces of V. Then, we define 


K A “ : = p| V", K a+ := P V**. 

/x<A n>\ 

We say that A e R is a break of V* if V x ~ ^ K A+ . We also define the multiplicity of A as dim^ V x ~ — 
dim^ V A+ . We say that V * is rational if all breaks of V* are rational. We say that V m is right continuous 
if V x = V x+ for all Ael. We say that V* is exhaustive or separated if Ua<=rF a = V or nAeRV A = 0, 
respectively. 

Similarly, for an increasing filtration V,, = {FxlAeR of V, we define 

Vx- := |J F a+ := p V,. 

H<\ i-i> A 

We also define a break, a rationality, and a right continuity of V,. by replacing superscripts by subscripts. 

We define the Newton polygon of a filtration as follows ([CT09, 3.3]). Let {F a }asR (resp. (Va}a€r) be 
a decreasing (resp. increasing) filtration of V. Let Ai < • • • < X n be the breaks of the filtration V* (resp. 
V.) with multiplicities toi, ..., m n . We define the Newton polygon of V* (resp. V,) as the piecewise 
linear function in the rry-plane whose left endpoint is (0,0), with slopes Ai,..., A„ whose projections to 
the rr-axis have lengths m %,..., m n . 


3 Chiarellotto-Tsuzuki’s conjectures and main theorem 

We first recall the definition of (a, V)-modules over iL[x]o and £. Then, we recall the definition of the 
log-growth filtrations for (a, V)-modules over if [a:]o and £, and recall Chiarellotto-Tsuzuki’s conjectures. 
After recalling known results on the conjectures, we state our main results. Our basic references are 
[CT09], [CT11], and [KedlO], 

3.1 a- modules 

Let R be a commutative ring with a ring endomorphism 5. We denote S(r) by r s if no confusion arises. A <5- 
module AI is a finite free i?-nrodule AI endowed with an i?-linear isomorphism Lp : S*M := R®$^AI —> M. 
We can view M as a left module over the twisted polynomial ring i?{i5} ([KedlO, 14.2.1]). If we regard ip 
as a (5-linear endomorphism of M, then (AI,ip n ) for n £ N is a i5"-module over R. For a € R x , ( M,aip ) 
is also a (5-module over R. 

Let M be a cr-module over K (K might be £). We recall the Frobenius slope filtration of AI ([CT09, 
§2]). We say that AI is etale if there exists an O^-lattice 911 of M such that <p(9Jl) C 911 and <p(9K) 
generates 911. We say that AI is pure of slope A £ 1 if there exists n € N>o and a G K such that 
log ? n |a| = —A and (AI, a _1 (p n ) is etale ([CT09, 2.1]). For a cr-module M over K, there exists a unique 
increasing filtration {S\(AI)}\ & k, called the slope filtration, of M such that S\(AI)/S\-(AI) is pure of 
slope A. We call the breaks of S,(M) the Frobenius slopes of M. The following are some basic properties 
of the slope filtration: 

• The slope filtration of M is exhaustive, separated, and right continuous. 

• The Frobenius slopes of AI are rational. 

• The slope filtration of (AI,tp n ) is independent of the choice of n G N>o- 

Assume that ki< is algebraically closed. Then, any short exact sequence of a -modules splits ([KedlO, 
14.3.4, 14.6.6]). Moreover, let AI be a cr-module over K such that q x G Q for any Frobenius slope A of 
M. Then, AI admits a basis consisting of elements of the form p(v) = q x v ([KedlO, 14.6.4]); we call v 
a Frobenius eigenvector of slope A. In this situation, for any cr-submodules M' and M" of M, we have 
AI' C M" if and only if any Frobenius eigenvector v of M' belongs to AI". 
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3.2 Log-growth filtration 

Let R be either tv [xjo (K might be £), £ t, £, or 1Z. A V-module over R is a finite free t?-module At 
endowed with a connection, i.e., a tv-linear map 

V : M —> At = Mdx 


satisfying 


'V(am) = to ® da + aV(m) 

for a £ R and m £ At. A (cr, V)-module over R is a cr-module ( M,ip ) over t? with a connection V such 
that the following diagram is commutative: 


At- 


At- 


- m n x R 

<£®cr 

■ m r^. 


(I) Special log-growth filtration ([CT09, 4.2]) 

Let At be a (cr, V)-module of rank n over tv [x]o- We define the space of horizontal sections of At by 

V(M) := (M® KMo K{x}) v =° 
and define the space of solutions of At by 
Sol (At) := Hom X [ llo (M, tf{a:}) v=0 

:= {/ £ Hom Jf [ I ] 0 (M, K{x})-, d(f(m)) = (/ ® id)(V(m))Vm e At}. (see [KedlO,p. 82]) 

Both V(M ) and Sol(At) are known to be tv-vector spaces of dimension n, and there exists a perfect 
pairing 

V(M) ® K Sol(M) K 

induced by the canonical pairing At ®x[x]o At v —> tvT[a;]o, where At v denotes the dual of At. For A £ R, 
we define 

Sol a (At) := Honif i -[. r j 0 (AL, tv [cc]a) n Sol(At), 

which induces an increasing filtration of Sol(At). We say that At is solvable in tt[a;]A if dim^ Sol\(M) = 
n. We define 

V(M) X := Sol A (At)- L , 

where (•) ± denotes the orthogonal space with respect to the above pairing. We call the decreasing filtration 
{V(M) X }\ the special log-growth filtration of At. Note that Sol. (At) and V(M)* are exhaustive and 
separated. Moreover, V{M) X (resp. SoL(At)) is a cr-submodule of V(M) (resp. Sol(At)) ([CT09, 4.8]). 

Example. Let 

d n v 

Dy = + ffln-l rfx n-l H -f a oy = 0, di£ K [x]o 

be an ordinary linear p-adic differential equation. As in the introduction, we define 

Sol(.D) := {y £ K[x\\Dy = 0} D So1a(D) := {y £ K{x\ a; Dy = 0}. 

We define a V-module At := tv [xjoeo © ■ • • ® K\x\oe n -i by 

I ei+idx if 0 < i < n — 2 

V(e,) = < 

^ —(a n -ie„_i-I-f- cioeo)dx if i = n — 1. 

Then, we have the canonical isomorphism 

Sol(At)->Sol(t?);/^/(e 0 ), 

under which we have 

So1a(M) = So1 a (L>). 
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(II) Generic log-growth filtration ([CT09, § 4.1]) 


Let M be a (a, V)-module over £. We denote by t*M the pull-back of M under r : £ — > £t\X — f]o, 
which is a (cr, V)-module over £ t \X — t] 0 . By a theorem of Robba, there exists a unique (cr, V)-submodule 
M x of M for A G R characterized as a minimal (cr, V)-submodule of M such that t*(M/M x ) is solvable 
in £t\X — t]\ ([CT09, 4.1]). We call the decreasing filtration {M a }agr of M the log-growth hltration of 
M. Note that M* is exhaustive and separated, and if M ^ 0, then M x ^ M for A G M>o- 

There exists a dual version of the log-growth filtration: for A £ 1, we set M\ := ((M V ) A ) ± , where 
(-)- 1 - denotes the orthogonal space with respect to the canonical pairing M M v —> £. Then, M\ is 
a maximal (cr, V)-submodule of M such that t*M\ is solvable in £t\X — I]a. Note that if M ^ 0, then 
M x 0 for A € R> 0 by (M V ) A ^ M v . 

Note that the Frobenius slope hltration of M is stable under the action of V ([CT09, 6.2]). 
Definition 3.1. Let M be a (cr, V)-module over 7\[a;]o. 

(i) The Frobenius slope hltration S,(V(M)) of V(M) is called the special Frobenius hltration of M 
([CT09, 6.7]). We call a Frobenius slope of V(M) a special Frobenius slope of M. 

(ii) We put Mg := £ ®K[ a ,j 0 M, which is a (cr, V)-module over £. The Frobenius slope hltration S, {Ms) 
of Ms is called the generic Frobenius hltration of M ([CT09, 6.1]). We call a Frobenius slope of 
Ms a generic Frobenius slope of M. 

3.3 Chiarellotto-Tsuzuki’s conjectures 

In [Dwo73b, Concluding Remarks], Dwork observes that the log-growth and Frobenius slope hltrations 
can be compared. To formulate conjectures based on his observation, Chiarellotto and Tsuzuki introduce 
the following technical conditions: 

Definition 3.2. (i) ([CT11, 6.1]) Let M be a (cr, V)-module over £. We say that M is pure of bounded 

quotient (PBQ for short) if M/M° is pure as a cr-module. 

(ii) ([CT11, 5.1]) Let M be a (cr, V(-module over A'[.x]o- We say that M is PBQ if Ms is PBQ. We say 
that M is horizontal of bounded quotient (HBQ for short) if there exists a quotient M of M as a 
(cr, V)-nrodule such that there exists a canonical isomorphism Mg = Ms/Mg. Finally, we say that 
M is horizontally pure of bounded quotient (HPBQ for short) if M is PBQ and HBQ. 

The following conjectures are first formulated by Chiarellotto and Tsuzuki in [CT09, § 6.4]. In this 
paper, we use the equivalent forms in [CT11]. 

Conjecture 3.3 (the conjecture LGF A '[p,j 0 ([CT11, 2.5])). Let M be a ( a,X7)-module over K\x\q. 

(i) The special log-growth filtration of M is rational and right continuous. 

(ii) Let A max be the highest Frobenius slope of Ms- If M is PBQ, then we have 

V{M) X = {Sx-\ max {V{M w ))) ± 

for all A G R. Here, (-)- 1 denotes the orthogonal space with respect to the canonical pairing V{M)®k 
V(M v ) K. 

Conjecture 3.4 (the conjecture LGF A ([CT11, 2.4])). Let M be a {cr,V)-module over £. 

(i) The log-growth filtration of M is rational and right continuous. 

(ii) Let A max be the highest Frobenius slope of M. If M is PBQ, then we have 

M X = (A A _A max (M v ))^ 

for all A € R. Here, (-)" 1 denotes the orthogonal space with respect to the canonical pairing M 

M v ->■ £. 

To prove Chiarellotto-Tsuzuki’s conjectures, we may assume that is algebraically closed as re¬ 
marked in [CT11, p. 42]. In the following, we recall known results on Chiarellotto-Tsuzuki’s conjectures. 



Theorem 3.5 ([CT11, Theorem 7.1, 7.2]). The conjecture LGFg is true. 

Hence, the remaining part of Chiarellotto-Tsuzuki’s conjectures is the conjecture LGF^j^jp. 
Theorem 3.6. Let M be a (a , V) -module of rank n over A'JccJo- 

(i) ([CT09, Theorem 7.1 (2)]) The conjecture LGFx[ s ] 0 is true if n < 2. 

(ii) ([CTll, Theorem 8.7]) The conjecture LGF^j,,,j 0 (i) is true if M is HBQ. 

(Hi) ([CT09, Theorem 6.17]) For all A £ R, we have 

V(M) X c (5 A _ Amax (F(M v ))) i . 


(iv) ([CTll, Theorem 6.5]) The conjecture LGF^[ X ] 0 (ii) is true if M is HPBQ. 

(v) ([CTll, Proposition 7.3]) If the conjecture LGF^j x j 0 (ii) is true for an arbitrary M, then the 
conjecture LGF^j x j 0 (i) is true for an arbitrary M. 


3.4 Main theorem 

Our main result of this paper is 

Theorem 3.7. (i) The conjecture LGFx[ x ] 0 (i) is true for an arbitrary M. 

(ii) The conjecture LGF^j a ,j 0 (ii) is true if the number of Frobenius slopes of Mg is less than or equal 
to 2. 

As mentioned in the introduction, we will study (a, V)-modules over ft rather than over ifjxjo- 
Theorem 3.7 will follow from Theorem 4.19, which is a counterpart of Theorem 3.7 for (a, V)-modules 
over ft. 


4 Log-growth of analytic ring 

In [Ked04] and [Ked05], Kedlaya provides functorial constructions of various analytic rings associated to 
a certain extension of kx ((a;)). We recall some of his construction. After defining a notion of log-growth 
on Kedlaya’s analytic rings, we develop a theory of log-growth filtrations for (a, V)-modules over ft. 

Notation 4.1. We set T := Og C r alg := Og *,■> for compatibility with the notation in the references. 
We denote the norm | • |jj alve (l) on r[p _1 ] by | • |o(l), and extend ] • |o(l) to r alg [p -1 ]. 

Remark 4.2. The ring r alg in [Ked04], which coincides with our T alg , is different from that in [Ked05]: 
the latter contains our r alg , but the residue field is the completion of fcff((;r)) alg . Fortunately, the definition 
of ^an ) con comes out the same as mentioned in [Ked05, 2.4.13]. By regarding our ^ con as a subring 
of rj® ^ con in [Ked05]. we may make (careful) use of the results of [Ked05]. 

4.1 Overconvergent rings 

We define subrings r con and r a Q g of T and r alg , respectively, as follows: For / € r alg [p _1 ], we have a 
unique expression 

f = n K%\ 

—oo 

with Xi £ fcic((a;)) als , where [•] denotes Teichmiiller lift. For n € N, we define the partial valuation 
v n : r alg [p -1 ] ->RU {oo} by 

v n {f) ■= nrin{u(5i)}, 

i<.n 

where v denotes the non-archimedean valuation of kx ((*)) alg normalized by v(x) = 1. For r > 0, n £ Z, 
and / £ r alg [p _1 ], we set 

v n ,r(f) = rv n (f) + n; 
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for r = 0, we set v n , r {f) = n if v n (f) < oo and v„ >r (/) = oo if v n (f) = oo. For r £ R>o, we denote by r alg 
the subring of f £ F alg such that lim^oo u n>r (/) = oo. On r alg [p _1 ] \{0}, we define the non-archimedean 
valuation 

w r (f) := min{n„ ;T .(/)}. 

n£Z 

Note that Tq 1 ® = r aIg , and wo is a p-adic valuation on r alg [p _1 ] normalized by wq(ttk) = 1 ([Ked05, 
2.1.11]). We define a multiplicative norm | • | 0 (p _r ) := \^K\ Wr ^ on r alg [p _1 ]. Define r a ], g := U rg R >o r alg . 
Since T alg C T alg for 0 < s < r, we can define a value \f\o{p) £ R>o of f £ r/ofjp -1 ] for p £ (0,1) 
sufficiently close to 1 from the left. We define r con := F^ n T, and T r := T alg (~l 1. Then, we have 
r con = O st ([Ked05, 2.3.7]). Both r a ] g and r con are Henselian discrete valuation rings (]Ked05, 2.1.12, 
2.2.13]). Finally, note that , and hence, r con is stable under cr and |cr(-)|o(p) = | • \o{p q ) for p £ (0,1). 

Definition 4.3 (]Ked04, 3.5]). Let f £ r alg [p _1 ] be a non-zero element. We define the Newton polygon 
NP(/) of / as the boundary of the lower convex hull of the set of points ( v n (f),n), minus any segments 
of slopes less than — r from the left end and/or any segments of non-negative slope on the right end of the 
polygon. We define the slopes of / as the negatives of the slopes of NP(/). We also define the multiplicity 
of a slope s £ (0, ?’l of f as the positive difference in y-coordinate between the endpoints of the segment 
of NP(/) of slope -a. ^ 

The following simple fact is one of the key points in this paper. 

Lemma 4.4 (cf. [Nakl3, Lemma 2.6]). Let f £ r a ^ g [p -1 ]- Then, there exists po £ R>o and a £ Q such 
that 

l/|o(p) = p a |/|o(l) for all p £ (p 0 ,1], 

Proof. We may assume / ^ 0 and / £ r alg [p -1 ] for some r > 0. Since the number of the slopes of NP(/) 
with non-zero multiplicities is finite by [Ked05, 2.4.6], we may assume that / has no slopes after choosing 
r sufficiently small. By [Ked05, 2.4.6] again, there exists a unique integer n such that w s (f) = v n>s (f) for 
all s £ [0,r]. Then, we have \.f\o(p~ s ) = (p~ s ) Vn ^^ eK \n K \ n for any s £ [0,r], where e# is the absolute 
ramification index of K. By evaluating s = 0, |/|o(l) = Kid™- Hence, we obtain the assertion for 
Po = P~ r and a = v n (f)/e K - □ 

4.2 Log-growth filtration over r con [p _1 ] 

Throughout this section, let • denote either (blank) or alg. Let F* n r be the Frechet completion of the 
ring r*[p _1 ] with respect to the family of valuations {tu s }se(o,r] ([Ked04, 3.3]). We define r* on := 
UreRxjr'n.r- Then, we have r aniCon = K, in particular, r aniCon contains K{x}. By continuity, r* n r is 
endowed with a family of non-archimedean valuations induced by (v„} ng z and {iu s } sg ( 0jr ]. In addition, 
the norm | • | 0 (p~ r ) extends to r an r .. As before, we can define a value |/|o(p) e ®>o of f £ r* n con for 
p £ (0,1) sufficiently close to 1 from the left. 

Remark 4.5. As mentioned above, we have r con [p _1 ] = £' and r anjCon = 77. as rings. However, the 
partial norms | • |o(p) on r alliCon and | • |o alve (p) on 77 coincide with each other only when p is sufficiently 
close to 1 ([Ked05, 2.3.5]). For this reason, we will distinguish Tconfp^ 1 ] and r aniCon from £' and 77, 
respectively, as normed rings. 

Definition 4.6 (Log-growth of analytic ring (cf. [Nakl3, 2.8])). For A £ K, we denote by Fil A r an con the 
subspace of / £ T an con such that 


l/|o(p) = 0((log(l/p)) A ) as p 11. 
Lemma 4.7. We have the following: 

(i) For a non-zero f £ T * n con; 

liminf |/| 0 (p) > 0. 


(ii) 


Filn 


ib _1 ], Filor^SDF^Jp- 1 ]. 
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(in) 


M 


K{x} n Fil A r aniCon = K\x\x for A G R. 
c(Fil A r an;Con ) c Fil A r* n con for A € R. 


(v) 


Fil Ai r an , con • Fil Aa r aniCon C Fil Al+A2 r an , con for Ai, A 2 G 


Proof (i) We choose r > 0 sufficiently small such that / G r an>r .. Then, we have w r (/) ^ 00 because 
/ 7 ^ 0. In particular, there exists n G Z such that v n (f) ^ 00 . By definition, w s (f) < sv n (f) + n 
for all s G (0,r]. Therefore, limsup s m w s (f) <n< 00 , which implies the assertion. 

(ii) By Lemma 4.4, we have only to prove that / G Fil 0 r alliCon belongs to r con [p -1 ]. Since |/|o(p) = 0(1) 
as p t 1, there exist a constant C and r > 0 such that C < w a (f) for all s G (0,r]. If v n (f) < 00 , 
then we have C < n by taking the limit s f 0 in the inequality w s (f) < sv n (f) + n. Hence, we have 
v n (f) = 00 for all sufficiently small n G Z. If we take l G Z such that v n (-K l K f) = 00 for all n < 0, 
then we have n l K f G T r by [Ked05, 2.5.6], i.e., / G Tcon^^ 1 ] = F C on[p -1 ]- 

(iii) It follows from the fact that for / G K{x}, we have \.f\o(p) = |/lo alve (p) for p sufficiently close to 1 
from the left ([Ked05, 2.3.5]). 

(iv) It follows from |cr(-) | 0 (/o) = | • | 0 (p q )- 

(v) The assertion follows from the multiplicativity of the norm | • |o(p)- 

□ 


Note that Fil A r* n con = 0 for A G R<o by Lemma 4.7 (i). In addition, Lemma 4.7 implies that 
Fil A r* n con forms an increasing filtration of cr-stable r* on [p -1 ]-subspaces of r* n con . 

Remark 4.8. In (i), the equality in the latter case does not hold. Indeed, there exists / G F a ]® con such 
that v n (f) = 00 for n G Z <0 , but / ^ ([Ked05, 2.4.13]). 

Definition 4.9 (A log extension of F* n con ([Ked04, 6.5])). We set r* jgjan con := F* n con [log x ], where 
logo; is an indeterminate. We can extend a to r* con as follows: 


OO 

o'(log x) := glogxT^ 

i= 1 


(-1 ) t " 1 

i 




Moreover, we extend d/dx to ri og ,an,con = 7^[logx] by 




1 

X 


We also define the notion of (a, V)-modules over Fi ogjan;Con by setting R = ri og)an>con and = 
1 log.au.cond.C ill § 3.2. 

For p G (0,1), we put r := -log p p and extend | • | 0 (p) to r an r [logx] by 


| Vai(loga;) l |o(p) := sup |ai| 0 (p) • (log (1/p)) *. 

.•cm *eN 


Lemma 4.10. The function \ ■ |o(p) is a multiplicative non-archimedean norm on the ring T an r [logx]. 

Proof. We have only to check the multiplicativity of | • |o(p)- Let / = JT cii(\ogx) l ,g = bj{ log a;)- 5 G 
F an ,r[log x\. We have \fg\o(p) < |/|o(p) • Ifl'lo(p) by definition. We prove the converse. We may assume 
/ ^ 0 and g ^ 0. Let io (resp. jo) be the minimum i (resp. j) such that |/|o(p) = |«i|o(p) • (logl /p)~ l 
(resp. \g\o{p) = \bj\ 0 (p) ■ (logl /p)~ j ). For i x < i 0 and j 0 < j i, we have 

\ a io |o(p) • (log(l/p))- i0 > \diMp) • (log(l/p))- 11 , \bjMp) ■ (log(l /p))~ 30 > l^ilo(p) • (log(l /p))~ 31 , 
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and hence, \a io bj 0 (log x) l ° +j0 | 0 (p) > |a, 1 6j 1 (loga;) 11+jl |o(p). Similarly, we have 

\ a iobj 0 ( lo S x) l0+30 |o(p) > \ai 1 b jl (log x) ll+n | 0 (p) 
for i\ > i 0 and jo > ji- Therefore, we have 

\fg\o{p)>\ a i b j( l °s x T +J \o(p) = \f\o(p)-\g\o(p)- 

i+j=io+jo 


□ 


Definition 4.11. We define a log-growth filtration of Ij* og an con by 

LAJ 

Fil Arr ogianiCon := 0 FilA-ir an con • (log a;) 1 
*=o 


for A G R>o and FilAr* ogancon := 0 for A G M<o- Here, |_AJ denotes the greatest integer less than or 
equal to A. For A e 1, we say that y G r* og an con has a log-growth A if ye FiUrj* ogianiCon . Moreover, we 
say that / is bounded if / has a log-growth 0. For A € R>o, we also say that y is exactly of log-growth 
A if ye Fil A r; ogjarl;Con and y i Fil 5 r* ogancon for any 0 < S < A ([CT09, 1.1]). “ 

Lemma 4.12. (i) For f G ^ ^ and A G 1, we have f G FiUr^g ^ ^ if and only if 

l/lo(p) = 0((log (1 /p))~ X ) as pt 1- 


(ii) 


^(FiUrr og 

,an,con) F ilAFf og 

,an,con for A G : 


(in) 

Proof. 


FHa, r'i 0 g, a n, con ‘ FilA 2 ri 0 g anjC0n C FilA 1 + A 2 r lo g, aniCon for Ai, A 2 G R. 

(i) The assertion follows from the definition. 


(ii) The assertion follows from - l) G F con [p x ] = Fil 0 r an>con ([Ked04, 6.5]). 

(iii) The assertion follows from Lemma 4.7 (v). 


□ 


Definition 4.13 (Log-growth filtration). Let M be a (a, Vj-module of rank n over r con [p 1 ], We set 

5J(M) := (r log , an , con (^rconlp- 1 ] M ) v ~°, 

6ol(M) := Hom rconb -i ] (M,ri og!aniCon ) v = 0 Sf 03 (M v ). 

We say that M is solvable in ri og;an;Con if dinr A ' Q 3(M) = n. In this case, we define 


:= Hom rcon[p -i](M,FilAri og , aniCon ) fi &ol(M) 


and 

QJ(M) A := 6oI a (M) ± 

where (-)" 1 " denotes the orthogonal space with respect to the canonical pairing Q 3(M) Sol(M) —>• K. 

We call the decreasing filtration {0J(Ai/j A }A the special log-growth filtration of M. 

Note that if M is a (a, V)-module over r con [p _1 ] solvable in Fi ogianiCon , then OJ(M) is a cr-module 
over K by the injectivity of <p : 0J (M) —> 0J(M). By Lemma 4.12 (ii), 0J(A4j A (resp. is a 

cr-submodule of 0J (M) (resp. SoI(M)). 
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Example. We give an example of a V-module defined over r con [p _1 ], which is not necessary defined 
over A'[x]o- Let a = j 1 a nX n € r con [p _1 ] with ci n £ K and we assume that there exists 6 > 0 such 
that 

0(|o_„|) = 0(p~ n5 ) as n —> oo. 

For example, assume a_„ = 0 for all n 0. Let M = r c0 n[p _1 ]ei ©r con [p” 1 ]e 2 be the V-module of rank 
2 over r con [p _1 ] defined by 

V(ei, e 2 ) = (0, aeidx). 

We set ^ 

/ = V' — —a n x n+1 +a- llogx, 
n + 1 

—1 

which belongs to ri og , a n,con as follows. For n > 0 and p G [0,1), 


1 


n+1 


n+ 1 


< 


1 


n + 1 „>o 


• sup |a„| • p n+1 —>• 0 as n —» oo. 


We fix p 0 € (p , !)• For p G [p 0 ,1) and n > 2, 


~-n+l 


— n + 1 


< 


>1 ( 1 


n — 1 p nS 


— -P< 

VP 


n — 1 p ni5 


P 5 Po 


0 as n —> oo. 


Since the convergence is uniform with respect to p in the latter inequality, we have / € Fil^Fiog a n, con , 
where we define £ as the log-growth of the power series ]T n>0 ^ja n x n if a_i = 0, and £ = 1 if a_i ^ 0. 
Then, QJ (M) := (ri 0 g jan ,con ©rc^p- 1 ] M) v=0 has a basis {ei, /ei — e 2 } and we have 


r 2J(M) if A < 0 
QJ(M) A =iATei if 0 < A < £ 

[o if £ < A. 

Remark 4.14. We can define a special log-growth filtration for an arbitrary (cr, V)-module over F con [p _1 ] 
possibly after tensoring a suitable extension of r con [p -1 ] as follows. Let M be a (u, V)-module over 
r c0 n[p _1 ]. Then, there exists a finite etale extension T l /T, corresponding to a certain finite separable 
extension l/kx({%]), such that M' := r(. on [p _1 ] ©rconlp- 1 ] M is solvable in r{ con by the log version 
of the p-adic local monodromy theorem ([Ked04, 6.13]). Similarly as above, we may define a special 
log-growth filtration of M'. 

The log-growth filtrations are compatible with the base change A [x]o —> £* = F con [p -1 ]: 

Lemma 4.15. Let M be a (cr, V)-module over I\ [x]o- Then, the (a, S7)-module r con [p _1 ] ®x[x] 0 M over 
Fconfp^ 1 ] is solvable in Fi ogjan]Con . Moreover, the canonical map 

L : V(M) 2J(r con [p _1 ] ®K[x]o M ) 

is an isomorphism, and preserves the Frobenius filtrations and the log-growth filtrations. 

Proof. Since the natural inclusion K{x} —> Ti 0 g ;anjC0n is compatible with Frobenius and differentials, 
Tconb^ 1 ] <S>x[x]o M is solvable in F i og , an ,c 0n , and t is an isomorphism of tr-modules over K. The rest of 
the assertion follows from FilxFi og)arl>con fl K{x} — FilAr an>con D K{x} = A'JxJa (Lemma 4.7 (iii)). □ 


4.3 Chiarellotto-Tsuzuki’s conjecture over r con [p x ] 

We formulate an analogue of Theorem 3.7 for (cr, V)-modules over r con [p -1 ]. 

Assumption 4.16. In this section, we assume that kx is algebraically closed for simplicity. 
Definition 4.17. Let M be a ( cr, V)-module over T con [p _1 ] solvable in Ti ogianiCon . 

(i) We call a Frobenius slope of 2J(M) a special Frobenius slope of M. 
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(ii) We set Mg := £ C’r.-o.jp- 1 ] M, which is a (a, V)-module over £. We call a Frobenius slope of Mg a 
generic Frobenius slope of M. 

Proposition 4.18. Let M be a (a , V) -module over r con [p _1 ] solvable in Fi ogjan con . Let A max be the 
highest Frobenius slope of Mg. 

(i) (Analogue of [CT09, Theorem 6.17]) We have 

C (5 , A-A max ( s »(M v )))- L 

for all A £ R. Here, (•) _L denotes the orthogonal space with respect to the canonical pairing 2J(M)®>a 
QJ(M v ) -»■ K. 

(ii) If Mg is PBQ, then 

9J(M)° = (S_A max (2?(M v ))) x . 

Theorem 4.19 (Generalization of Theorem 3.7). Let M be a ( a,V)-module over r c on[p _1 ] solvable in 

Flog,an,con ■ 

(i) The special log-growth filtration of M is rational and right continuous . 

(ii) Let A max be the highest Frobenius slope of Mg. Assume that Mg is PBQ and the number of the 
Frobenius slopes of Mg is less than or equal to 2. Then, 

K(M) X = (5A_A max (2J(M v ))) X 

for all A £ R. 

Recall that we may assume Assumption 4.16 to prove Conjecture 3.3 (§ 3.3). Hence, Theorem 3.7 
follows from Theorem 4.19 by Lemma 4.15. The proofs of Proposition 4.18 and Theorem 4.19 will be 
given in § 7. 

Remark 4.20. Obviously, one can formulate an analogue of Conjecture 3.3 (ii) for a (a, V)-module over 
r c0 n[p _1 ] such that Mg is PBQ. 

4.4 Example: p-adic differential equations with nilpotent singularities 

In [KedlO, § 18], Kedlaya studies effective bounds on the solutions of p-adic differential equations with 
nilpotent singularities. As an application, he proves a nilpotent singular analogue of Theorem 3.6 (iii) 
([KedlO, Remark 18.4.4, Theorem 18.4.5]). In this subsection, we explain that a nilpotent singular 
analogue of Theorem 3.7 follows from Theorem 4.19. 

In the following, we assume a(x) = x q . We define (log) as a cr-module of rank 1 over A'[x]o 

with basis dx/x such that <r*(l ® dx/x) := qdx/x. Let 

d : iF[x]o —t 0 (log) = Klxjodx/x; f n- xdf /dx ■ dx/x 

be the canonical derivation on Jvjxjo. We define a log (cr, V)-module over K [x] o similarly to § 3.2 by 
setting R = K[xj 0 and j = 0^ Wo (log). 

As in Definition 4.11, we define a log-growth filtration of A'[x][loga;] as 

LA 

[log a;] a := © Klxjx-i^ogxy 

i =0 

for A G M>o and if [x] [log x ]a := 0 for A G M<o- For a log (a, V)-module M over K [x]o, we define 

V(M) := {K{x}[ logx] Ca'Hq M) v=0 . 

By Dwork’s trick, V(M) is of dimension n ([KedlO, Corollary 17.2.4]). We define a special log-growth 
filtration V(M)' of M as in § 4.2 by replacing TvJxJa by A'[a;][loga;] a- 
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Example. (i) A (< 7 , V)-module over iv[x]o can be regarded as a log ( a, V)-module over Af[a;]o by 
identifying dx as x ■ dx/x. The special log-growth filtration of M as a non-log or log (a, V)-module 
coincides with each other. 

(ii) Let M := AT[a;]oei © K[;r]oe 2 be the log (a, V)-module of rank 2 over AT[a;]o defined by 

V(ei,e 2 ) = (0,ei dx/x), ip(e lt e 2 ) = (ei ,qe 2 ). 

Then, V(M) has a basis {ei, — log a; • ei + e 2 }. Moreover, the Frobenius slopes of V{M) are 0,1, 
and we have 

! V(M) if A < 0 
Ke i if 0 < A < 1 

0 otherwise. 

Our main result in this subsection is 

Theorem 4.21. An analogue of Theorem 3.7 for log ( a,^-modules over K\x\o holds. 

Proof. It follows from Theorem 4.19 thanks to Lemma 4.22 below. □ 

Lemma 4.22. Let M be a log (a,V)-module over A'[a;]o- Then, the ( a,X7)-module T con [p _1 ] Af 

over r con [p _1 ] is solvable in Tiog.an.con- Moreover, the canonical map 

L : V(M) -b 2J(r con [p _1 ] ®K[x]o M ) 

is an isomorphism, and preserves the Frobenius filtrations and log-growth filtrations. 

Proof. Similar to the proof of Lemma 4.15. □ 


5 Generic cyclic vector 

In this section, we prove a key technical result in this paper concerned with a er-module over T~ ) f 1 [p -1 ]. 
Definition 5.1. Let R be either T 8 ), 8 [p _1 ] or T als [p -1 ]. 

(i) For f(a) = ao + a\a + • • • + a n a n £ R{c r} a twisted polynomial, we define the Newton polygon 
NP(/(<t)) of f(a) as the boundary of the lower convex hull of the set of points 

{(b-log, | o-i | o (1)); 0 <i<n}. 

A slope of NP(/(cr)) is called a slope of f(a) (cf. [KedlO, 2.1.3]; note that the Newton polygon 
in [KedlO] is defined as the boundary of the lower convex hull of {(— i, — log ? |a,:|o(l)); 0 <i< n}. 
Consequently, our slopes coincide with —1 times the slopes in [KedlO]). We consider the following 
condition (*) on f(a): 

(*) : each point (*, — log ? |a,|o(l)) belongs to NP(/(cr)). 

(ii) Let M be a er-module of rank n over R. When R = T'ffffjr 1 ], we call a Frobenius slope (resp. the 
Newton polygon) of T^fjp -1 ] M a generic Frobenius slope (resp. the generic Newton polygon) 
of M. We say that an element e £ M is a cyclic vector if e, <p(e), ..., <p n-1 (e) is a basis of M over 
R. For a cyclic vector e, we have a unique relation 

ip n (e) = -(a n - 1 ip n ~ 1 (e) H-b a 0 e) 

with m £ R. We set / e (cr) := ao + ai<r H-b cr n £ i?{er}. Note that NP(/ e (cr)) coincides with the 

(generic) Frobenius Newton polygon of M v ([KedlO, 14.5.7]). 

We say that a cyclic vector e £ M is generic if f e (a) satisfies the condition (*). 

Theorem 5.2. Let M be a a-module over T 8,18 ^ 1 ] (resp. F 8 ), 8 \p~ 1 }). Assume q s £ Q for any (resp. 
generic) Frobenius slope s of M. Then, there exists a generic cyclic vector of M. 

In the next subsection, we see that there exists a non-empty open subset U of M such that v £ U is 
a generic cyclic vector. In this sense, there exist a number of cyclic vectors satisfying the condition (*). 
Therefore, the condition (*) is referred to as being generic. 
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5.1 Proof of Theorem 5.2 


To prove Theorem 5.2, we first construct a generic cyclic vector over T als [p -1 ]. Then, we deform it to 
obtain a generic cyclic vector over r“®[p -1 ]. We first recall Kedlaya’s algorithm to compute an annihilator 
of an element of a tr-module over T alg [p _1 ] ([Ked05, 5.2.4]). 


Construction 5.3. Let R := T alg [p - 1 ]. Let M be a cr-module of rank n over R with Frobenius slopes 
Si <■■■< s n with multiplicities. Assume q Si £ Q for all i (§ 3.1). Then, we can choose an f?-basis 
ei,..., e n of M such that tp(ej) = q Si Gi for all i. Fix x\... ,x n £ R and set v := Xiei + • • • + x n e n . We 
define Vi £ M for 1 < l < n by induction on l. Set v\ := v. Given vi, write vi = x/pei H— • + x; >ra e n with 
Xi } i £ R and define 


q si ■ cr(xi t i)/xi t i if x M ^ 0 
0 otherwise 


and Ci+i := (ip — bi)vi. Then, we have vi € Rei + ■ ■ ■ + Re n and (ip — b n )... (tp — b\)v = 0. We write 


(c — b n )... (a — bi) = a n + c n _i<r” 1 H - h c 0 , c, G R 


in R{c r}. By construction, we may regard = x;p(x), bi = bi(x ), and Ci = Ci(x) as functions of 
x = (xi,..., x n ) £ R n with values in R. We also regard v = v(x) as a function of x with values in M. 

Lemma 5.4. We retain the notation in Construction 5.3. 


(i) For x £ R n , v(x) is a cyclic vector of M if and only if xi t i(x)x 2 , 2 {x)... x n)n (x) ^ 0. 

(ii) For x £ R n , v(x) is a generic cyclic vector of M if and only if xi t i(x)x 2 , 2 {x).. .x ntn (x) ^ 0 and 
- log ? |ci(x)|o(l) = si H-b s n -i for all i. 

(in) Let x^l £ R n . Assume that bi(x ^),..., b n (x^°1) are all non-zero. Then, there exists an open 
neighborhood U C R n of x^ (with respect to the topology induced by \ ■ |o(l)j such that all bi and 
x;p are continuous on U. In particular, all Ci are also continuous on U. 

Proof. (i) By construction, there exists an upper triangular matrix T whose diagonals are (1,..., 1) 
such that {v\,V 2 , ■ ■ ■, v n ) = (v, tp(v ),..., p n ~ 1 (v))T. Since (x/pj/p is an upper triangular matrix, 
we obtain the assertion. 

(ii) It follows from (i) and the fact that the slopes of o n + + • • • + Co are —s n < ■•• < — Si 

with multiplicities. 

(iii) By induction on l £ {l,...,n}, we construct an open neighborhood Ui C R n of x^l such that 
x/p,... ,xi tn and 5/ are continuous on Ui , and x;p is non-zero on Ui. Once we construct the U( s, 
U := Ui fl • • • n U n satisfies the desired condition. First, note that x;p(x^°l) ^ 0 for all l by 
assumption. The assertion is trivial for l = 1 by setting U\ := {x £ R n \xi(x) ^ 0}. Given [/)_i, let 
Uj := Ui-i 0 {x £ R n ; xi-u-i(x) ^ 0}, which is an open neighborhood of x^ 0 '. By the induction 
hypothesis, x;p = o(xi-i^)q Si —bi-iXi-i^ is continuous on U[. We set Ui := U[C l{x £ R n -, x;p(x) ^ 
0}. Then, Ui C R n is an open neighborhood of x on which bi is continuous on Ui as desired. 

□ 


Lemma 5.5. Let s\ < S 2 s n be rational numbers such that q Si £ Q. Then, the slopes of 

f{cr) := (a — q Sl x)... (a — q Sn x) £ r[p _1 ]{tr} are —s n < • • • < —si with multiplicities. Moreover, f{a) 
satisfies the condition (*). 


Proof. We write 


/(cr) = cr” + a n -i<r n 1 H-l-flo, a.i£ T[p 1 ]. 


Then, we have 


O'n—i — 


E 


(-I)V 


i a s 3li)+-+ s m T . q ' 




+ -+g- 


, 3 ( 0-1 


Hence, — log ? |a„_j|o(l) = Si + • • • + s*, which implies the assertion. 


□ 
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Proof of Theorem 5.2. We first consider the case where M is a cr-module over R := r alg [p -1 ]. Let 
si < S 2 < • • • < s n be the Frobenius slopes of M with multiplicities. By Lemma 5.5, the slopes of 
the cr-module M' := R{a}/R{a}(a — q Sl x)(a — q S2 x) ... (<r — q Sn x) are si,..., s n with multiplicities. 
Recall that cr-modules over R are classified by its slopes with multiplicities by Dieudonne-Manin theorem 
([KedlO, 14.6.3]). Hence, there exists an isomorphism of cr-modules M = M'. By Lemma 5.5, I £ M' is 
a generic cyclic vector. 

We consider the case where M is a cr-module over r a Q g [p -1 ]. We have only to prove that there exists 
/ £ M which is a generic cyclic vector of M alg := r alg [p _1 ] <g> r ai g M. We apply Construction 5.3 to 

M alg . We choose a generic cyclic vector e of M alg and write e = v (a;( 0 )) withal 0 ) £ R n . By Lemma 5.4 (ii) 
and (iii), there exists an open neighborhood U C R n of ®(°) such that v(x) is a generic cyclic vector of 
M alg for all x £ U. We choose a r a Q g [p _1 ]-basis of M. For y = (yi,..., y n ) £ R n , we define 

w{y ) := yifi + • • • + y n f n ■ For x £ R n , there exists a unique y = y{x) £ R n such that v(x) = w(y), 
and the map x H>• y(x) is a homeomorphism ([KedlO, 1.3.3]). Hence, there exists an open neighborhood 
V C R n of y(x^) such that w(y) is a generic cyclic vector of M alg for all y £ V. Since is dense in 
r alg , w(y) £ M for y £ V D (F^f, [p~ 1 ]) n ^ 4> is a generic cyclic vector of M alg . □ 


6 Frobenius equation and log-growth 

In [CT09, § 7.2], Chiarellotto and Tsuzuki compute the log-growth of a solution y of a Frobenius equation 

ay + by a + cy* 2 =0, a,b,c£ K[ x] 0 . 

In [Nakl3], Nakagawa proves a generalization of Chiarellotto-Tsuzuki’s result for a Frobenius equation 

aoy + aiy a 4-1- a n y a = 0, cq £ £ t 

under the assumption that the number of breaks of the Newton polygon of ao + a±cr + ■ —I- a n a n is equal 
to n. We generalize Nakagawa’s result without any assumption on the Newton polygon: 

Theorem 6.1 (A generalization of Nakagawa’s theorem ([Nakl3, 1.1])). Let 

f(a) = a 0 + oner -I-f a n a n £ r a J,® [p _1 ]{cr}, a 0 ^0, a n ^ 0, n > 1 

be a twisted polynomial satisfying the condition (*) in Definition 5.1 (ii) with slopes —s\ < • • • < — Sk- If 
y £ rf 0 ® an con is a solution of the Frobenius equation 

f(a)y = a 0 y + aiy° H-h a n y CT " = 0, (1) 


then y is either bounded or exactly of log-growth Sj for some j such that Sj >0. 

Remark 6.2. For a ( a, V)-module M of rank n over F con [p _1 ], we construct a Frobenius equation 
f(a)y = 0 satisfying the assumption of Theorem 6.1 (see Construction 7.1). The ambiguity of the log- 
growth of y in Theorem 6.1 is owing to the fact that Mg /Mg may not be pure as a cr-module. One can 
expect that if M is PBQ, then y is exactly of log-growth si, as is the case for n = 2 ([CT09, 7.3]). 

We divide the proof into two parts: the first part is an estimation of an upper bound of the log-growth 
of y (easier), and the second part is an estimation of a lower bound of the log-growth of y (harder). The 
condition (*) will be used only in the second part. The integer j in Theorem 6.1 will be determined in 
§ 6.3. 

Notation 6.3. In this section, we keep the notation in Theorem 6.1. Let 0 = *(0) < z(l) < • • • < i(k) = n 
be the ^-coordinates of the vertices of NP(/(cr)). By Lemma 4.4, there exists a real number po sufficiently 
close to 1 from the left such that for all i £ {0,1,..., ?r}, we have 


CLi £ 


palg 


p r al s 

L log, an, 


where r = — log p Pq and 

|a i |o(p)=p“ (i) |a i | 0 (l)Vp£[pf,l) 
for some a(i) £ Q; we fix such a po- 
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6.1 Estimation of upper bound 

Proposition 6.4 (A refinement of [CT09, 6.12]). Let j £ (0, ..., k — 1}. We assume 

sup la^’loO) < sup |ai2/ cr "|o(p) Vp e [p 0 ,1); (2) 

i(j)+l<i<n 


when j = 0, we set sup i ( J _ 1 ) <i<i ( J ) \aiy a |o(p) = |aoy|o(p)- Then, we have 

(i) For any p £ [pq, 1) and in £ N, there exist an integer N £ {0,... ,n — 1}, which depends only on 
m, and a sequence £i U of integers, which depends on p and m, defined for 

I m ■= {(f,it) £ Z 2 ; i(j) + 1 < i < n, —m — i(j) < u < 0} 


satisfying the following conditions: 


(a) 


logMoO 9 ™) -\og\y\ 0 (p q N ) < y £iu lo g \ a i/ai(j)\o(p qU 


(b) e iu £ {0,1} and 

Y, (i~ i(j))£iu = m — N. 

( i,u)elm 

(ii) y has log-growth Sj+ 

Proof. (i) We fix p and proceed by induction on m. When m < n — 1, we set N = m and = 0 for 
all (i,u) £ I m - Then, we have nothing to prove. Assume that the assertion is true for the integers 
less than or equal to m - 1 with m > n. By (2) for p = p q , we have 

\ai{j)y at(l) \o(p q m ,0> ) < sup \a iy °'\ 0 {p« m *“). (3) 

i(j) + l<i<n 


We choose i' £ {i(j) + 1,..., n} such that 

sup \a i y^ i \o(p^ m ~ iU) ) = \a i y'\o(p q ~ m ~ i(i) ). (4) 


Recall |cr(-)|o(r?) = I • |o(?7 9 ) for all p £ (0,1) (§ 4.1). Then, by (3) and (4), 

log \y\o(p q m ) — log | 2 /|o(p 9 ” t0,+ ‘ ) < \og\a v /a Kj) \ 0 {p q ” ,(J) ). (5) 


By the induction hypothesis for m + i(j) — i ', there exist an integer N £ {0,... ,n — 1} and a 
sequence e' iu of 0 or 1 defined for such that 


log|y|o(p <? ™ ) — log lz/|o(p 9 N ) < Y e' iu \og\ai/a i ( j) \ 0 (p qU ), (6) 


y (i - i(j)Wiu = m + i(j) - i' - N - 


For ( i,u ) £ I m , we define 


&iu 


^iu if (1, U ) £ I rn+iij )—: 1 

1 if (i,u) = 

0 otherwise. 


(7) 


Then, by adding (5) to (6), the inequality in (a) follows. The condition e iu £ {0,1} follows by 
construction, and the equality in (b) follows from (7). 
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(ii) We fix p £ [po> 1) for a while. Let m be a natural number such that p q £ [po,Po )• By applying 
(i) to ( p,m ) = (p qm ,m), there exist an integer N(m) £ {0,.. .,n — 1} and a sequence of 0 or 
1 defined for (i,u) £ I m such that 

log|y|o(p) -\og\y\o(p qm N[m) ) < £ iu )lo g\ a i/ a i( j Mp qU+m ) (8) 

=m- N (m). (9) 

(i,u)el m 

For i(j) + 1 < i < n, there exists v(i ) £ Q such that 

\ai/a i{j) \o{p) = r 7 t,w |ai/«i(j)lo(l) V77 £ [p 0 , 1) (10) 


by Notation 6.3. Moreover, 

- —^-y log, l a i/ a i(i)|o(l) > Sj+l (11) 

by the convexity of the Newton polygon of f(a). By (10) and (11), 

RHS of (8) < £ e\u ) <l U+m v(i)logp+ £ (i - s j+ 1 logq. (12) 


Let v := max{±c(i); i(j) + 1 < i < n}. Then, the first sum in RHS of (12) is bounded above by 
£ iu ] q u+m v\og{l/p) < q u+m v\og{l/p) = (n-i(j)) q 1 _ — -clog(l/p) 

„m+l q m Q 

<{n-i{j))~ —-clog(1/p) = (■ n-i(j ))--clog(l/p 9m ) < n --clog (l/po)- 

q -1 9-1 9-1 


By (9), the second sum in RHS of (12) is equal to 

(to - N(m))s j+ 1 log < 7 . 


Thus, ( 8 ) leads to 


\y\o(p) < C\yUp qm ~ N(m) ) • q (m-N(m))s j+1 

= C\y\o(p qm ~ N(m) ) • (log (l //"- N<m) ))'*+' ■ (log (1 /p ))~ s ^, 


(13) 


where C := exp{nq(q— 1) x c log (1/po)} is a constant independent of p. Since p q ( ' £[poi/°o ), 
the functions \y\o{p qm N[m> ) and (log (1 /p qm ” m )) S3+1 are bounded when p runs over [p 0 , 1 ): note 
that the function [p 0 , 1) —> E; p \y\o(p) is continuous. Thus, (13) implies the desired estimation 

\y\o(p) = 0 ((log(l/p)) _S3+1 ) as p| 1 - 


□ 


6.2 Estimation of lower bound 

We start with converting the condition (*) into the lemma: 

Lemma 6.5. For any j £ (0,. .., k — 1}, i £ {i(j + 1) + 1, .. ., n}, and %' £ {0, ... ,i(j + 1) — 1}, we have 


log |a»'_»(j+i)+j|o(l) — log |«i'|o(l) > log |ai| 0 (l) -log|a i(i+ i)| 0 (l). 
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Proof. For 0 < * < n, we denote by Pi the point (*, —log 9 |a»|o(l))- We also denote by L i and L 2 the 
segments and Pi<j+\)Pi, respectively. Let a and b be the slopes of L i and L 2 , respectively. 

We have only to prove a < b. Let us consider separately the cases where i' — i(j + 1) + i < i(j + 1) or 
i' — i(j + 1) + i > i{j + 1). In the first case, we have a < — Sj+i by the condition (*). By the convexity 
of the Newton polygon of /(cr), we have — s^+i < b. Hence, a < b. In the latter case, the segment L i 
intersects with L 2 . Since Pi<j+ 1 ) is under L\, we have a < b. □ 

Notation 6.6. By Lemmas 4.4 and 6.5, after choosing po sufficiently large if necessary, we may assume 
the following condition: for any j G {0,..., k — 1}, i G {i(j + 1) + 1,..., ?r}, and i' G {0,..., i(j + 1) — 1}, 
we have 


log |aj/_j(j + i) + i| 0 (p 2 ) - log|a,v|o(p 2 ) > log |a,i| 0 (p 3 ) - log|a i(i+ i) |o(P 3 ) Vp 2 ,p 3 G [po, 1); (14) 

indeed, both sides of the inequality are continuous with respect to p 2 and p 3 , respectively, and converge 
to log | 0 ( 1 ) - log |aj'| 0 (l) and log |aj| 0 (l) - log \a^j+i) |o(l) as p 2 ,p 3 11 , respectively. 

To estimate the function |y|o(p) of p from below, we need to combine several inequalities which are 
similar to inequality ( 2 ). 

Assumption 6.7. Let j G {0,..., k — 1}. In the rest of this subsection, we assume the following: 


sup 1 

ary G |o(p) < sup 

\aiy a '\o(p) Vp G [pi ",1), 

i(0)<i<i(l) 

i(l)+l<i<n 


sup | 

ary° |o(p) < sup 

\o-iy a '\o(p) Vp g [pi ™,i), 

*(!)<*<*( 2) 

i{2) + l<i<n 


sup 

\<py a ' lo(p) < sup 

k2/ ff, |o(p) Vp G [pi ”,1) 


1 «(j) + l<i<7 

l 


when j = 0, we set sup,^^^/^ | ai.y a |o(p) := |ao2/|o(p)- We also assume 

sup |a»y CT *|o(p)> sup \a,iy a '\ 0 (p) 3p e \p q 0 ,1); 

iO')<*<»(j+l) i(j+l)+l<i<n 

when j = k- 1, we set sup^.,.^.,^^ |a i y <T ' | 0 (p) := 0. 

Lemma 6.8. Assume that pi € [pq , 1) satisfies 

sup |a*y CT ’|o(pi) > sup \diy cr% |o (pi) - 


(i) We have 


*U+ 1 ), 


sup | aiy a |o(pi) > \a.i(j + i)y a |o(pi)- 
0<i<i(i+ 1 )- 1 


(ii) Let i' G {0,..., i(j + 1) — 1} be an integer such that 


I ai>y a |o(pi) = sup | aiy a |o(pi)- 

0<*<*t?+l)— 1 


Then, we have 


I <7*1 / <v* /— *0' + !) . i <,*'-*(3 + 1) 

sup | aiy | 0 (Pi ) > sup 1 a { y | 0 (Pi )• 

i(j)< i—dt+1) i(j+l) + l<i<n 


Proof. (i) Suppose the contrary. Then, we have \a^j + i' ) y cr <J+ '^(pi) > sup,^,^-^ \aiy a |o(pi) > 0 
by the assumption of the lemma. By (1), we have aj(j+i)2/ cr <J+ ' = — a iy a ■ By taking 

| • |o(pi), we have \a i ^ +1 )y a ' (:l+1) | 0 (pi) < sup i 9 4 i(j+1) \aiy a ' |o(pi), which is a contradiction. 
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(ii) By (i) and the assumption of the lemma, we have 


I ai'y a ' |o(pi) = sup | aiy* |o(pi)- 

0<i<n 


(15) 


For i G {i(j + 1) + 1,..., n}, we have 


log | y c 


i(J + 1) , 




1 ). 


•log|y <7 ‘|o(Pi U+ ’) = log|y|o(^i )-log|y|o(Pi <J+,+ ) 


i(3+i). . o‘'-<0+1) i »'-«0+i) 

\o(Pi ) > sup I cay lo (Pi ), 


□ 


= log|a,v 2 / CT ‘ |o(pi) - log |a i /_ i(i+ 1 )+i y' T ' ’ <J+1)+! |o(pi) - log |oj< | 0 (pi) + log |a,;/_ i(i+ 1 )+ ,;| 0 (pi) 
>log |aj'-j ( j+ 1 ) +j|o(/ 3 i) — log |aj'| 0 (pi) >log|ai| 0 (p? ° + 4 - log |a*tH-i)lo(Pi ° + '), 
where the first and second inequalities follow from (15) and (14), respectively. Thus, we obtain 

I a i(j+i)y 

which implies the assertion. 

Construction 6.9. Fix p\ G \pQ ,1) such that 

sup | a.iy a |o(jOi) > sup | apy a | 0 (pi)- 

<(i)<<<<C7+l) i(j+l)+l<i<n 

By induction on l G N, we construct a strictly decreasing sequence {m(Z)}j of integers less than or equal 
to i(j + 1), and a sequence 42 of integers defined for 

Ii :={(!,«)G2 2 ;0<i< i(j + 1) — 1, m(l) — i(j + 1) < u < 0} 

satisfying the following conditions: 

(a) 


log \y\o{p\ ‘ J ) - log Mo(Pi U+ ') > £ iu lo § \ a iU+i)/ a MPi )■ 


<y+i), 


(b) 42 € { 0 , 1 } and 


(c) 


52 (*C? + !) - i)42 = *0' + !) - ™(0- 

(i,u)ei ( 


> m(!)-»0 + 1 ) * m(!)-i(3 + l) 

sup 1 0 , 2 / |o(Pi ) > sup |a, 2 / [o(Pi )• 


*0')<*<*0'+ 1 ) *0'+i)+i<*<" 

We set to( 0) := where i' is defined in Lemma 6.8 (ii), and define 


4 ? := 


1 if (i, u) = (i 1 , 0 ) 
0 otherwise. 


Since |ai' 2 / <T " |o(pi) > |a i (j + i) 2 / <7 ’ C,+1) |o(pi) by Lemma 6.8 (i), condition (a) follows. Condition (b) follows 
by definition. Condition (c) follows from Lemma 6.8 (ii). 

Given m(l) and 42 > we can a PPly Lemma 6.8 to p\ = p\ 


1 - 1 ) 

— " q by condition (c) for m(l): let 


z — 1 ) 

i G {0, + 1) — 1} be the integer defined in Lemma 6.8 (ii). Since |aj' 2 / <T \o{p\ ) > 

\ a i(j+i)y <T <J+ ] \o{p\ ) by Lemma 6.8 (i), we have 


log |y|o(pf 


— m(l) 

) — log \y\o{p\ ) > log \ a i(j+l) / a i' |o(p' 


9 m(!)-i(j + l) 


(16) 
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for (i, u) G Xi+ 1 by 


We set m(l + 1) := m(l) — i(j + 1) + i' < m(l) and define £^ t +1 ' ) 

Uiu if {i,u)eh 

e il +1) ; = S 1 if (i, u) = (i r , m(l + 1) - i(j + 1)) 

[0 otherwise. 

We verify the conditions (a), (b), and (c). By adding (16) to the inequality in (a) for m(l), condition (a) 
follows. Condition (b) follows by construction. Condition (c) follows from Lemma 6.8 (ii). 

Proposition 6.10. If y is non-zero and has log-growth a G R>o, then a > Sj + \. 

Proof. Obviously, we may assume Sj + 1 > 0. For i G {0,..., i(j + 1) — 1}, there exists v(i) G Q such that 

k(j+i)/°i|o(p) = p v{l) \a iU +i)/ a i\o(l) Vp G [pi ,1). (17) 

Moreover, 

- + ^ _ ■ log, |a i(i+ i)/a i | 0 ( 1 ) < -Sj+i (18) 

by the convexity of the Newton polygon of f(a). 

We retain the notation in Construction 6.9. By (17), (18), and the inequality (a) for m(l), we have 
log|y|o(pr <0 ) — !og |2/|o(Pi*° +1> ) > Y £ iu ( l u v{i)^ogpi+ Y ( i U + 1 ) ~ i)^ls j+ i\ogq. (19) 


Let v := inf{±w(i); 0 < i < i(j + 1) — 1}. Then, the first sum in RHS of (19) is bounded below by 

Y £ iiVulog(l/pi) > Y 9“^log(l/pi) —— -—-ulog(l/pi) > n—^—ulog(l/pi). 

1 — q g — 1 

(i,u)€Ti 

By condition (b) for m(l), the second sum in RHS of (19) is equal to 

{i(j + !) - m{l))s j+1 \ogq. 


Therefore, (19) leads to 
«*»(!) 


,9' (5+1) '\.«(*0'+ 1 )-™(0)»J+i = r7b J Lfn9 ,<J+1) Vn i 0'+ 1 )*i+i .. " m( ° 


\yW\ .) > c\v\o(pT" '" y q ^)-m W) s M = c\ y \ 0 ( P r ' r ' )•«' 

where C := exp {nq(q — l) _1 u log (1/pi)}. Note that 

C\y\ 0 (pf +1) ) • q ^ + 1 ^(\og(l/ Pl )y^ 

is a positive constant independent of l. Since m(l) —» —oo as l —> oo, (20) implies 

\y\o(p) ¥= 0((log (l/p)) _/3 ) as p 11 


(log(l/pi)) Si+1 -(log(l/p? )) Si+1 , 

( 20 ) 


for any /? G R< s , +1 . In other words, y does not have log-growth strictly less than Sj+i- Hence, a > 
Sj+l- □ 


6.3 Proof of Theorem 6.1 

Let P o be as in Notation 6 . 6 . For j G {0,1,..., k — 2}, we consider the following condition on y: 

(Cj) : sup \aiy^\ 0 { P )< sup \aiy a ' |o(p) Vp G [p 0 ,1). 

*C7)<*<*C7+1) *0'+i)+i<*<” 

Let j G {0,..., k — 2} be the least integer such that condition (Cj) does not hold; if condition (Cj) holds 
for all j, then we set j = k — 1. Then, j satisfies the assumption in Proposition 6.4; when j = 0, the 
assumption follows from (1). In addition, j satisfies Assumption 6.7; when j = k — 1, the assumption 
follows from y ^ 0. Therefore, the assertion follows from Propositions 6.4 and 6.10. 
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7 Proof of Theorem 4.19 


In this section, we assume that k R is algebraically closed as in Assumption 4.16. For a (a, V)-module over 
Af[a;]o, Chiarellotto and Tsuzuki define a Frobenius equation ([CT09, Proof of Theorem 6.17 (2)]). Then, 
they interpret their conjecture LGFx[a;j 0 as a problem on the Frobenius equation. For a (a, V)-nrodule 
over r con [p -1 ], their method can be applied as follows. 

Construction 7.1. Set R := r con [p _1 ]. Let M be a (a, V)-module of rank n over R solvable in Fi ogiariiCon , 
and Si <■■■< Sk the generic Frobenius slopes of M. Assume q s i £ Q for all j. We choose a generic 
cyclic vector e of F^b -1 ] M v by Theorem 5.2, and we write 

<£ n (e) = ~(a„- i<p n_ 1 (e) H-h a 0 e), a* e r^ g n [p -1 ]. 

Let v be an element of Sol(M) such that ip(v) = jv for some 7 £ (r^b -1 ])* ■ By identifying Sol(M) 
as a submodule of an con M v , we write 

v = y 0 e + ynp{e) + • • • + y n -np n ~ 1 {e), y t an con . 

Then, we obtain the relation 


/ 

1 

-ao \ 

-«i 


( y 0 \ 
Vi 


( vo \ 
yi 

V 

1 0*11 — 1/ 

a 

\Vn- 1/ 

= 7 

\Vn-lJ 


By elimination, y := y n -i satisfies the following Frobenius equation: 


» = - E 

0<2<n—1 


CT^an-i-l) 

7(7(7)... & l (7) 


T i+1 


(y)- 


( 22 ) 


Note that the slopes of the twisted polynomial 

1 , a «-i_ , , " _1 M 

1 H - <7 + ■ ■ • H - — -— j -—-<7 

7 7(7(7) ••• a n 1 ( 7 ) 

are — Sk — s < ■ ■ ■ < —s 1 — s, where s = — log 9 | 7 |. 

Lemma 7.2. We retain the notation in Construction 7.1. 

(i) For A £ R, we have v £ &ol\(M) if and only if y £ Fil A rj^® an con . 

(ii) We have either v £ Solo (M) or v £ Sol s + Sj (M) \ Sol( S+S .)_(M) for some j such that s + Sj > 0. 
Proof. (i) Since we have 

Sol x(M) C Fii A r log , an , con 0 fl M v C Fii A r^® ancon 0 fl M v -Fii A r^® ancon 0 r aig b _ 1 ] r^ s n b" 1 ] 0 iiM v , 

v £ Sol x(M) implies y £ Fil A r^® an con . Assume y £ Fil A r^® an con . By (21) and Lemma 4.12, 
we have yi £ Fil A r^® an con by decreasing induction on i. Hence, v £ Fil A r^® an con M v . Since 

Fil A Fi ogjan con n ri og , an>con — l il A I jog.an , CO n by definition, we have v £ h i 1 A I dog,an,con 0 it , i.e., 

v £ Sol \(M). 

(ii) The assertion follows from (i) and Theorem 6.1. 

□ 


We deduce Proposition 4.18 and Theorem 4.19 from Lemma 7.2 (ii) and the following lemma. 

Lemma 7.3. Let M be a (a , V) -module over £ and A max the highest Frobenius slope of M. If M is PBQ, 
then (M v )o is pure of slope —A max as a a-module. 
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Proof. We have a canonical isomorphism (M v )o = (M/M°) v induced by the canonical paring M 
M v —>■ £ (§ 3.2). Hence, (M v )o is pure as a cr-module by assumption. Moreover, the Frobenius slope A 
of (M v )o is greater than or equal to —A max . Suppose that the assertion is false, i.e., A > —A max . Let M' 
be the inverse image of M" := S'_>, max (M v /(M v )o) under the canonical projection M v —»• M V /(M V ) 0 . 
By assumption, M" ^ 0 and there exists a short exact sequence of (cr, V)-modules over £: 

0-(M v )o-^ M' ->■ M" -0. 

By [CT11, 4.2], the above exact sequence splits as a sequence of (a, V)-modules. Since M" ^ 0, we have 
(M v )o C Mq C (M v ) o, which is a contradiction. □ 

Proof of Proposition f.18. By replacing (M, ip, V) by (M, , V) for sufficiently large ft £ N, we may 

assume g s gQ for all special and generic Frobenius slopes s of M. Then, we may apply Construction 7.1 
to M. We retain the notation in Construction 7.1. Note that Sk = A max by definition. 

(i) Let v G ©ol(M) be a non-zero Frobenius eigenvector of slope s. By Grothendieck-Katz specializa¬ 

tion theorem ([KedlO, 15.3.2]), we have s > —Sk- By Lemma 7.2 (ii), we have v G ©ol s+Sfc (M). 
Hence, we have C ©ol \(M) for all A G R. By taking (-)- 1 with respect to the 

canonical pairing 5J(M) ©ol(M) —>• K , we obtain (S\_A max ( 21 (Af v )))" L 3 2 J(M) A . 

(ii) By (i), we have only to prove (<S'_A max (2J(M v )))- L C ‘U(Af) 0 . Since ©olo(M) = (M v ) v=0 , we have 

6olo(A7) C (Mg) o by the characterization of (M^ ) 0 . By Lemma 7.3, (Mg) 0 , and hence, ©olo (M) 
are pure of slope —A max as a cr-module, i.e., ©olo (M) C S'_A max ( 6 ol(M)). By taking (•)-*- with 
respect to the canonical pairing 0 3(M) ©ol(M) —> K, we obtain the assertion. 

□ 

Proof of Theorem f.19. Similarly to the proof of Proposition 4.18, we may apply Construction 7.1 to M 
again. 

(i) By the definition of QJ(M)*, we have only to prove that the filtration 6 ol,(M) is rational and right 
continuous. 

We first prove the rationality of breaks A of ©ol.(M). We may assume A > 0. Since is a 

direct summand of ©ol \+{M) as a cr-module, we can choose a Frobenius eigenvector v G &ol\ + (M)\ 
&ol\-(M) of slope s. By v ^ ©olo(M) and Lemma 7.2 (ii), we have v G ©ol s+S3 - (M)\©ol( s+Sj )_(M) 
for some j such that s + Sj > 0, i.e., A = s + Sj G Q. 

We prove the right continuity of ©ol.(M). Suppose the contrary, i.e., there exists A G R>o such that 
^ &ol\ + (M). Let A (M) be the set of rational numbers consisting of 0 and s+Sj where s is 
a Frobenius slope of 6 ol(M). Fix A' G R>a sufficiently close to A such that 6 o1a+(M) = &oly(M) 
and A(M) n (A, A'] = (j> . Since 6 oIa(M) is a direct summand of 6 o1a+(M) as a cr-module, we 
can choose a Frobenius eigenvector v G ©o1a+(M) \ of slope s. By Lemma 7.2 (ii), we 

have either v G ©olo(M) or v G ©ol s+Sj (M) \ 6 ol( s+s )_(M) for some j such that s + Sj > 0. 
In the first case, we have v G which is a contradiction. In the latter case, we have 

s + Sj > A by v G 6 o[ s+S 3 .(M). Since v £ ©ol( s+s s_(M), we have A' > s + Sj. Hence, we have 
s + Sj G A (M) fl (A, A'] = (j), which is a contradiction. 

(ii) By Proposition 4.18 (i), we have only to prove C S , A-A max (6ol(AL)) for all A > 0. Let 

us consider separately the cases where k = 1 or k = 2. In the first case, since ©ol(M) is pure of 
slope — A max by Grothendieck-Katz specialization theorem, the assertion is trivial. In the latter 
case, let v G &ol\(M) be a non-zero Frobenius eigenvector of slope s. By Grothendieck-Katz 
specialization theorem, we have —S 2 < s < —si. Hence, we have either v G ©olo(M) or v G 
6ol s+S2 (M)\6o(( s+S2 )_(M) by Lemma 7.2 (ii). In the first case, v G ©olo(M) = 5_ S2 (©ol(M)) C 
5a- S2 (©o1(M)) by Proposition 4.18 (ii). In the latter case, we have s + S 2 < A. Hence, v G 
5 s (©o((M))c5 A - S2 (©oI(M)). 

□ 

Let M be a (a, V)-module over r con [p _1 ] solvable in Fi ogjanjCon . We can expect that any break A of 
the special log-growth filtration of M is of the form —s + A max where s is a special Frobenius slope of M. 
At this point, as in the proof of Theorem 4.19 (i), we can prove: 
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Proposition 7.4. In the above setting, any break A of the special log-growth filtration of M is of the 
form —s + s' where s (resp. s') is a special (resp. generic) Frobenius slope of M such that — s + s' > 0. 


8 Appendix: diagram of rings 

For 0 < Ai < A 2 , we have the following diagram of rings: all the nrorphisms are the natural inclusions. 


r [p- 


K\x \0 - Klxj Xl - K[x\ a 2 - K{x} - K[a 


->■ Fil Ai r an , con ->■ Fil A2 r an , c 


■ft 
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